The many-fingered time (MFT) formulation of many-particle quantum mechanics and quantum field theory is a natural framework that overcomes the problem of "instantaneous collapse" in entangled systems that exhibit nonlocalities. The corresponding Bohmian interpretation can also be formulated in terms of MFT beables, which alleviates the problem of instantaneous action at a distance by using an ontology that differs from that in the standard Bohmian interpretation. The appearance of usual single-time particle-positions and fields is recovered by quantum measurements.
Introduction
Entanglement in quantum mechanics (QM) induces certain nonlocal features of QM. While there is still some controversy regarding the question if orthodox QM itself is really an intrinsically nonlocal theory (see e.g. [1] and references therein), from the work of John Bell [2] it is clear that any hidden-variable interpretation of QM must be explicitly nonlocal. The best known and most successful nonlocal hidden-variable interpretation of QM and quantum field theory (QFT) is the Bohmian interpretation [3, 4, 5, 6, 7, 8] . A typical property of this interpretation is an instantaneous action at a distance among the hidden-variables -particle-positions and field-configurations. The word "instantaneous" requires a preferred global choice of the timecoordinate, which seems to contradict the principle of relativity. A possible way out of this problem is to introduce a "preferred" foliation of spacetime in a dynamical way [9, 10, 11] . Another possibility is to introduce a Bohmian equation of motion not only for space-coordinates of particles, but also for their time-coordinates [12, 13] .
The most recent possibility, suggested in [14] for quantum fields, is the many-fingered time (MFT) formulation of Bohmian mechanics, based on the MFT formulation of orthodox manyparticle QM [15] and QFT [15, 16] . The purpose of the present paper is to further develop the idea of the MFT Bohmian interpretation introduced in [14] . More specifically, the aim is (i) to present the MFT formulation of Bohmian mechanics for many-particle QM (which was not presented in [14] ) and (ii) to improve and correct some of the results and statements on the MFT Bohmian mechanics of fields presented in [14] . The present paper can also be viewed as complementary to [14] , in the sense that the present paper, unlike [14] , does not insist on the manifestly relativistic-covariant formulation, but instead discusses the conceptual meaning of the MFT-nature of Bohmian hidden-variable beables more carefully.
Sec. 2 contains a review of the orthodox MFT formulation of many-particle QM, while the corresponding MFT Bohmian interpretation is discussed in Sec. 3. The generalization to QFT is briefly discussed in Sec. 4, after which the conclusions are drawn in Sec. 5.
Throughout the paper, we use units in whichh = 1.
MFT formulation of many-particle QM
A natural starting point towards a relativistic-covariant formulation of many-particle QM is to introduce a kinematical framework in which time is treated on an equal footing with space. Thus, instead of a single-time n-particle wave function ψ(x 1 , . . . , x n , t), one introduces a MFT n-particle wave function [15] Ψ(x 1 , . . . , x n , t 1 , . . . , t n ).
However, a MFT formulation can also be introduced independently of the principle of relativity, so in this section, for simplicity, we actually study the nonrelativistic version of the MFT formulation of QM. One of the main purposes of this study is to demonstrate that, with the MFT formulation of QM, the wave-function "collapse" induced by a measurement does not require a preferred notion of simultaneity.
The quantity
is the probability density for finding one particle at the position x 1 at the time t 1 , another particle at the position x 2 at the time t 2 , etc. (For a recent generalization of this to the relativistic case, see [17] .) When different particles do not interact with each other, then the MFT wave function satisfies n independent local Schrödinger equationŝ
and i = 1, . . . , n. It is convenient to introduce a simpler notation X ≡ {x 1 , . . . , x n }, T ≡ {t 1 , . . . , t n }. We also introduce global operators
Thus, by summing up the local Schrödinger equations (3), one obtains a single global Schrödinger equationĤ
The dynamics can be described by a Schrödinger equation of the form of (6) even when different particles do interact with each other. The MFT Schrödinger equation (6) contains the ordinary single-time Schrödinger equation as a special case in which t 1 = · · · = t n ≡ t. The corresponding wave functions are related as
However, the instantaneous synchronization in (7) is not more physical than, for example, a relativistically more appealing retarded light-cone synchronization. Indeed, the question of "true" synchronization in relativistic QM can be viewed as analogous to the question of "true" gauge in electrodynamics. In this analogy, Ψ(X, T ) is a "gauge-independent" quantity, whereas ψ(X, t) resembles the Coulomb gauge in which the electromagnetic potential propagates instantaneously.
(Of course, the analogy with gauge theories should not be taken too literally, but note that a similar analogy with gauge theories has been used in [18] as a response to the criticism in [19] .) A normalized solution Ψ(X, T ) of (6) can be written as a linear combination of other orthonormal solutions as
The base {Ψ a } can be chosen such that each Ψ a is a local product of the form
Thus, the base wave functions Ψ a (X, T ) do not exhibit a nonlocal entanglement, but a general superposition (8) does. Now assume that ψ a1 (x 1 , t 1 ) are the eigenstates of some local Hermitian operator that is measured. Such a local measurement induces a nonlocal wave-function "collapse"
Now the crucial point is the following: If the local measurement is performed at some particular value of the time t 1 , then it does not mean that the whole wave function Ψ(X, T ) collapses at the same particular value of time. Namely, fixing the value of t 1 in the collapsed wave function Ψ a (X, T ) in (10) does not fix the values of t 2 , . . . , t n . In this sense, in the MFT formulation of QM, the wave-function "collapse" does not require any preferred notion of simultaneity. Thus the MFT formulation of QM can be used to enlighten the Einstein-Podolsky-Rosen effect (see e.g. [20] ) and the delayed-choice experiment (we are not aware of any particular reference that explicitly uses the MFT formulation to discuss the delayed-choice experiment). Concerning the problem of measurement, the only true problem in orthodox QM is to understand a physical mechanism that induces the wave-function "collapse" (10) . Such a mechanism is provided by the MFT Bohmian hidden-variable interpretation studied in the next section.
3 MFT Bohmian interpretation of many-particle QM By writing Ψ = Re iS , where R and S are real functions, the complex equation (6) is equivalent to a set of two real equations
where ρ = R 2 and
The conservation equation (12) confirms that it is consistent to interpret ρ(X, T ) as the probability density.
In analogy with the ordinary single-time Bohmian interpretation, we introduce a MFT beable x i (T ) that satisfies the MFT Bohmian equation of motion
From (14) and (11), one can also derive the MFT quantum Newton equation
In contrast with the ordinary Bohmian interpretation, the beable x i (T ) ≡ x i (t 1 , . . . , t n ) cannot be interpreted as a trajectory in spacetime. Nevertheless, for t 1 = · · · = t n = t, the beable x i (T ) reduces to the ordinary Bohmian beable x i (t), which, indeed, can be interpreted as a trajectory in spacetime. However, the fundamental ontology is not represented by the synchronization-dependent function x i (t), but rather by the synchronization-independent function x i (T ). (Recall the analogy with gauge theories, discussed in the preceding section.) For any set T = {t 1 , . . . , t n }, the functions x i (T ), i = 1, . . . , n, uniquely specify the particle positions x i . Analogously to the ordinary Bohmian interpretation, Eqs. (14) and (12) imply that the MFT Bohmian interpretation predicts the same probabilities for finding the first particle at the position x 1 at the time t 1 , the second particle at the position x 2 at the time t 2 , etc., as does the orthodox interpretation of MFT QM. Moreover, if the wave functions Ψ a (X, T ) in (9) do not overlap in at least a part of the configuration space, so that Ψ a (X, T )Ψ a ′ (X, T ) = 0 for a = a ′ , then some of the degrees of freedom can be interpreted as the degrees of freedom of the measuring apparatus. Consequently, analogously to the ordinary Bohmian interpretation, the MFT Bohmian interpretation predicts the same probabilites (equal to |c a | 2 ) for the effective "collapse" (10) as does the orthodox MFT interpretation. In the MFT Bohmian interpretation, the effective "collapse" occurs because the beables x i (T ) take values from the support of one and only one of the nonoverlapping wave functions Ψ a (X, T ). Is the ontology represented by x i (T ) in contradiction with the fact that, for example, we can observe the particle position x 1 at the time t 1 without measuring the times t 2 , . . . , t n ? Although there is no beable corresponding to the quantity x 1 at time t 1 , the beables x i (T ) determine the wave function Ψ a to which Ψ will effectively "collapse". If the functions Ψ a in (9) are such that ψ a1 (x 1 , t 1 ) are eigenfunctions of the local position operator x 1 , then such a collapse can be viewed as a measurement of x 1 (t 1 ), despite the fact that there is no beable corresponding to x 1 (t 1 ). Indeed, this is just an example of a measurement of an unpreferred observable in the Bohmian interpretation, such as momentum or energy in the ordinary single-time Bohmian interpretation. In the MFT Bohmian interpretation, the preferred observables are x i (T ), but the general theory of quantum measurements explains measurements of all other observables, with the same statistical predictions as in the orthodox interpretation.
Let us also compare the nonlocality features in the ordinary and MFT Bohmian interpretations. In the ordinary single-time Bohmian interpretation, the ontology of hidden variables is classical at the kinematical level (given by local particle trajectories), whereas the quantum nonlocality is realized only on the dynamical level (encoded in the instantaneous nonlocal quantum potential). In contrast, in the MFT Bohmian interpretation, the ontology is nonclassical and nonlocal already at the kinematical level, because, in x i (T ), x i is a function not only of t i , but of all t 1 , . . . , t n . One may complain that the function x i (T ) is difficult to visualize, but one should not be worried about that, given the fact that it is certainly not more difficult to visualize than the MFT wave function Ψ(X, T ). One should recall that, historically, the aim of the Bohmian interpretation was not to restore the classical ontology in QM (although, perhaps surprisingly, the ordinary Bohmian interpretation has done that), but rather to find some nonlocal beable that could reproduce the predictions of orthodox QM.
We also note that the MFT formalism enables one to formulate the Bohmian interpretation of many-particle systems in an explicitly relativistic-covariant way. This will be the subject of a separate paper, but we anticipate that it can be done by combining the results of the present paper with those of [17] .
MFT Bohmian interpretation of QFT
The purpose of the present section is to generalize the results of the preceding sections to the case of QFT. However, as the MFT Bohmian interpretation of QFT has already been discussed in detail in [14] , in this section we only briefly outline the main points of the generalization, emphasizing those aspects that have been treated incorrectly in [14] , or have not been discussed at all.
Instead with a discrete set X = {x 1 , . . . , x n }, field theory deals with a continuous set of values of fields at different points, φ = {φ(x)}, at all space points x. Similarly, the discrete set of times T = {t 1 , . . . , t n } is replaced with a continuous set T = {T (x)}. The quantum state is represented by a wave functional Ψ[φ, T ]. The QFT analog of (3) is known as the Tomonaga-Schwinger equation [15, 16] . Introducing the operator
the QFT analog of the MFT Bohmian equation of motion (14) is
(On the right-hand side, it is understood that φ(x ′ ) is replaced with φ(x ′ ; T ] at all points x ′ .) However, in [14] it was stated that the fundamental MFT Bohmian equation was not the global MFT equation (17) , but a local MFT equation
Indeed, if (18) is satisfied, then (18) implies (17) . However, although Eq. (17) is consistent, Eq. (18), in general, may not be consistent. In general, the right-hand side of (18) depends not only on T (x), but on the whole function T at all points x ′ . On the other hand, the δ-function on the right-hand side of (18) implies that φ(x; T ] on the left-hand side does not depend on the whole function T , but only on T (x). However, for x ′ = x, this implies that the left-hand side of (18) depends only on T (x), whereas the right-hand side depends on the whole function T , which is inconsistent. Thus, the correct MFT Bohmian equation of motion is (17) , rather than (18) . Consequently, contrary to the claim in [14] , the MFT Bohmian beable is, in general, a genuine MFT field φ(x; T ], rather than a local field φ(x, T (x)). Nevertheless, the local appearance of fields can be explained by the theory of quantum measurements, analogous to that in the preceding section.
It is also interesting to study the conditions under which the local MFT Bohmian equation of motion (18) could still be consistent. One such condition is a wave functional that has a form of a local product analogous to (9) , but such a condition is not sufficiently general. A more general condition is any quantum field theory that contains gravity as one of the quantized fields. Namely, the theories that contain gravity have a property of diffeomorphism invariance, which implies that the Hamiltonian always vanishes on-shell. Consequently, instead of a functional Schrödinger or Tomonaga-Schwinger equation, one deals with the Wheeler-DeWitt equation [21, 22, 23, 24, 25] 
whereĤ(x) is the Hamiltonian-density operator, g represents the 3-metric and φ represents all other "matter" fields. Since the wave functional Ψ[g, φ] does not depend on time (either on t or on T ), it is consistent to postulate a local MFT Bohmian equation of motion of the form of (18) for both φ and g. Finally, let us note that it is straightforward to write all equations of this section in a manifestly general-covariant form, by using the formalism presented in [14] . In particular, this leads to a covariant version of the Bohmian interpretation of quantum gravity, which represents an improvement of the noncovariant Bohmian interpretation of quantum gravity studied in [6, 26, 27, 28, 29] .
Conclusion
The MFT formulation of QM and QFT allows a formulation of quantum theory that does not require a preferred definition of simultaneity, which alleviates the problem of relativisticcovariant formulation of quantum theory, including the problem of simultaneity of the wavefunction "collapse". The corresponding Bohmian interpretation leads to new MFT beables that also do not require a preferred definition of simultaneity. These MFT beables have a manifest nonlocal nature already at the kinematical level. Nevertheless, the observed local appearance of particles and fields can be recovered by studying the theory of quantum measurements.
